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ABSTRACT: The aim of this paper is to extend the concept of regional exponential general observability to the case of Neumann 
boundary conditions problem in diffusion system. More precisely, for linear distributed parameter diffusion systems, we show that the 
sensors characterizations allow to reconstruct the regional exponential state in a sub-region of the considered systems domain. 
Moreover, various interesting results associated with the choice of sensors are given and illustrated in specific situations in order 
regional exponential general observability notion to be achieved. Finally, we also show that, there exists a dynamical system for 
diffusion system is not exponential general observable in the usual sense, but it may be regional exponential general observable. 
1. ITRODUCTION 
The exponential observation problems in usual sense of distributed parameter systems has received much attention in ref.s [1-
2] and references therein. Recently, this notion was extended  to the regional analysis by Al-Saphory, EI Jai [3-5] and Zerrik [6] this 
notion developed to many concepts in finite time interval or in infinite [7-8]. One of the interested concepts in regional asymptotic 
analysis, is the asymptotic observability notion which was introduced and developed by Al-Saphory and El Jai  [9-13].   
These concepts  depend on the observation of the initial state on a given sub-region  of the system domain . The main 
reason behind the study of this work there exist some problems in the real world cannot observe the system state in the whole domain, 
but in a part of this domain [9,14]. The scenario described by (Figure 1) below, one is interested in reconstruction the state in the green 
zone  rather than in the entire space [14].  
 
Figure 1: Observation region  with sensor 
This problem is represented as regional exponential observation with interested  regional state in  of the domain . The 
purpose of this paper is to give an extension of the previous work  as in ref.s [15-16] to case of  Neumann boundary conditions by using 
strategic internal sensors. The paper is organized as follow. Section 2 gives an introduction of exponential regional general 
observability in diffusion system problems. Section 3 deals with the main results. Finally, the last section illustrates applications of 
diffusion systems in many situations of sensors locations. 
2. DIFFUSION SYSTEM OBSERVATION   
2.1 Problem Statement  
Let  be an open bounded set of , with smooth boundary  . Let [ ] , for   be a time measurement interval and  
be a nonempty given sub-region of . We denote  and   . Assume that , U, and  be separable Hilbert 
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space where  is the state space  is the control space and  is the observation space. Usually, we consider (0,  
and (0, , where  and  hold for the number of  actuators and sensors [1-2].We consider the problem described by the 
following parabolic diffusion systems  
                                             (1)     
Augmented with the output function   
                                                                         (2) 
where  supposed to be in  and unknown. The system (1) is defined with a Neumann boundary conditions,  holds for 
outward normal derivative [17] and the operator generates  a strongly continuous semi-group  on  [2] and is self-adjoint 
with compact resolvent. The operators and depend on the structures of actuators and sensors [1, 18], see 
(Figure 2).  
 
 
Figure 2: The domain of , the sub-region on , the sensors locations 
Under the given assumption, the system (1) has a unique solution [13],          
                                                  (3) 
The problem is that, how to reconstruct exponentially the current state in a given sub-region , using internal zone or 
pointwise strategic.  
2.2 -strategic sensor 
This sub-section is to extend sensors characterization notion in ref.[3,15-16], in order that, the diffusion system (1) is 
regionally exponentially general observable in Hilbert space  . 
● Sensors are any couple  where denote closed subsets of , which is spatial supports of sensors and define 
the spatial distributions of measurements on ( .  
●The measurements may be given by  sensors  and then, the output functions are given by the form: 
                   
where    is the transpose of  and then 
                                                           (4) 
when .Thus, in the case of pointwise or filament we have 
       (5) 
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● In the case of internal pointwise sensors and filament, the operator is unbounded and some precautions must be taken in [1].  
● For , defines the operator  
                                        (0,   
                                                              (6) 
then . Thus, in the case of internal zone sensors, linear and bounded [7]. The adjoint operator  of  is defined by 
                                                               (7)                                 
● For the region  of the domain , the restriction operator  is defined by 
                                                                    (8)                     
  where  is the restriction of the state  to .  
Definition 2.1: An autonomous diffusion system associated to (1)-(2) is exactly (respectively weakly) -observable if: 
               (respectively .). 
Definition 2.2: A sequence of sensors   are  -strategic if the diffusion systems (1)-(2) are weakly -observable . 
The concept of -strategic sensor has been extended to the regional boundary case as in [19]. Assume that the set  of 
eigenfunctions of   orthonormal in  associated with eigenvalues  of multiplicity  and suppose that the system (1) 
has   unstable modes. Then we have the following result. 
 Proposition 2.3: For the diffusion system (1), let , then suite of sensors    are  -strategic if and only if : 
     1.  
     2. rank  with 
                                          (9) 
Proof:  The proof of this proposition is similar to the rank condition in  ref. [5], the main difference is that the rank condition  
           rank ,  
for the proposition (2.1) need only hold for 
           rank , . 
That means, when the rank is held for every  then, obviously held  for  where  is finite number.                                                                                                                                                      
   
 
3. DIFINITIONS AND CHARACTERIZATIONS 
Regional exponential general observability concept in diffusion system needs to extend some notions of an exponential 
behaviour (stability- detectability- estimator) in Hilbert space  as ref.s [12-13]. 
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Definition 3.1:A Semi-group is regionally exponentially general stable by the operator  in   or ( -stable) if, for every 
initial state , the solution of the autonomous system associated with (1) converges exponentially to zero when , 
where  an operator with , is defined by .   
Definition 3.2:The diffusion system (1) is said to be exponential general stable on  or ( -stable) if the operator  generates 
a semi-group which is ( -stable). It is easy to see that the diffusion system (1) is -stable if and only if, for some positive constants 
 and , 
                                                                                                          (10)                                                                                                          
If  is -stable, then, for all , the solution of autonomous diffusion system associated with (1) satisfies 
                                                  (11)                                                                                   
and then 
                                                                                  (12) 
Definition 3.3: The diffusion systems (1)-(2) are said to be exponential general detectable in or ( -detectable) if there exists 
an operator  such that  generates a strongly continuous semi-group  which is 
-stable. 
Definition 3.4: For the diffusion systems (1)-(2) consider the dynamical system 
                                                         (13)                                                                          
where  generates a strongly continuous semi-group which is stable on Hilbert space W,  and 
.The diffusion system (13) defines an -estimator  for   if 
     (1)      
     (2)  maps  in   where  and  are  the  
          solution of the diffusion systems (1) and (13).    
Definition 3.5:The diffusion systems (1)-(2) are regional exponential general observable in  ( - observable) if there exists a 
dynamical system (13) ( -estimator) for the original system. 
We can extend definitions 2.1 and 2.2 to the case of general observability for regional general decomposed diffusion systems 
[16],where  and  with  ,  as in [16].  
Definition 3.6:The diffusion systems (1)-(2) are exactly (respectively weakly) general observable or -observable ) if: 
          (respectively ). 
Definition 3.7:A suite of sensors  are  general strategic or -strategic) if the diffusion systems (1)-(2) are weakly -
observable.  
     Thus, in this section is related to, present the sufficient condition of regional exponential general observability concept in diffusion 
system. 
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Theorem 3.8:The diffusion systems (1)-(2) are -observable by the dynamical system (13), if the following conditions hold: 
      (1) There exist  and  such that  
                                                                                                                    (14)                                                                               
      (2)                                                            (15)                                                                                                              
Proof: For  and  solution of (13), denote 
.  
We have  
   
         
 
Consequently,  where . Since the operator  generates a strongly continuous 
semi-group  which is -stable, then by using equation (10) we obtain  
            ║ ,  
and therefore . 
Consider now , then we have  
  
               
Consequently we have . Thus, we have  and the 
dynamical system (13) is -estimator. Finally the diffusion systems (1)-(2) are -observable.                                                                                                                                                  
           
Remark 3.9: From the previous theorem (3.1) we can deduce the following results: 
1. Conditions (14) and (15) in theorem (2.10) guarantee that the diffusion systems (1)-( 2) are -observable. 
2. If a diffusion system which is -observable, then it is -observable. 
                         Journal of Iraqi Al-Khwarizmi Society (JIKhS)                    Year 2018    pages: 229-239   
    Volume:2  Special issue of the first international scientific conference of Iraqi Al-Khawarizmi Society 28-29 March 2018 
234 
 
 
3. If a diffusion system is -observable in , then it is -observable. In every subset , but the converse is not true. This may 
be proven in the following example: 
Example 3.10: Consider the diffusion system:  
                                                                           (16)       
 and suppose there is a single sensor  with . The output function  
                                                                                        (17)                                                                                                                       
Where and  are the location of sensors .The operator  generates a strongly continuous 
semi-group  on Hilbert space ) [20]. Consider the dynamical system 
                                                               (18)                                           
where  and  are a linear operator. If  and  for 
,   then the sensor (  is not strategic for unstable sub-system of (16) and therefore the diffusion systems (16)-(17) 
are not detectable in  [20]. Then, the dynamical system (18) is not estimator for the diffusion systems (16)-(17) [1]. Here, we consider 
the region  (Figure 3) and the dynamical system: 
 
 
 
 
 
 
Figure 3: Domain , Region , and Location   of the internal pointwise Sensor. 
                                                (19)     
where . If  and  for every , then the sensor 
 is -strategic for the unstable subsystem of (16) [18] and therefore the diffusion systems (16)-(17) are -detectable, that means 
 [12]. Finally, the dynamical system (19) is -estimator for the diffusion systems (16)-(17). 
 
 
 
0 
 
ω 
 
Ω 
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4. APPLICATION TO SENSORS LOCATIONS  
In this section, we present an application of the above results to a two-dimensional diffusion system defined 
on  by the form                        
                                                                             (20) 
together with output function by (4) and (5) .Let  be the considered region is subset of , 
and the eigenfunctions of system (20) are given by 
                                               (21) 
associated with eigenvalues 
                                                                         (22) 
The following results give information on the location of internal zone or pointwise - strategic sensors. 
4.1 Zone Sensor Case 
Consider the systems (20)-(2) where the sensor supports  is located in .The output (2) can be written by the form 
                                                                 (23) 
where  is the location of the internal zone sensor and . In the case of (Figure 4), the eigenfunctions and the 
eigenvalues 
 
Figure 4: Domain Ω, Sub-region , and Locations of Internal (Boundary) Zone Sensor. 
 are given by (21)-(22). However, if we suppose that  
                                                                       (24)                            
then  and one sensor may be sufficient to achieve -observability [12]. In this case, the dynamical system (13) is given by  
                                                                 (25)         
the measurement support is rectangular with 
                         Journal of Iraqi Al-Khwarizmi Society (JIKhS)                    Year 2018    pages: 229-239   
    Volume:2  Special issue of the first international scientific conference of Iraqi Al-Khawarizmi Society 28-29 March 2018 
236 
 
 
                                                                                     (26) 
If  is symmetric about and  is symmetric about ,then we have the following result. 
Proposition 4.1: The systems (20)-(23) are not -observable by the dynamical system (25) if  
        , is integers for some  .   
In the case of boundary zone sensor, the system may be given by  
                                    (27) 
and the output function (2) is given by 
                                                                 (28) 
where  is the support of the boundary sensor and .The sensor may be located on the boundary in 
,then we have 
Proposition 4.2: If  is symmetric about ,then the systems (27)-(28) are not -observable if  is integers for every 
.   
When the sensor is located in ,  ]  (see fig.3) we obtain the following result. 
Proposition 4.3: suppose that the function is symmetric with respect to , and the function is symmetric about 
. Then the systems (27)-(28) are not -observable if  and  is integers for every .       
4.2 Pointwise Sensor Case 
Let us consider the case of pointwise sensor located inside of . The system (20) is augmented with the following output 
function: 
                                                                                      (29) 
where  is the location of pointwise sensor as defined in (Figure 5) 
  
Figure 5: Rectangular Domain , and Locations ,  of Pointwise Sensor. 
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If , then  and one sensor may be sufficient for -observability. Then, the dynamical system 
is given by 
                                                                                  (30)                 
Thus, we obtain the following proposition: 
Proposition4.4:The systems (20)-(29) are  -observable by the dynamical system (30) if  and 
, is not even integers for every . 
Consider  where the observation, in the case of the filament sensor, on the curve  with  (Figure 4), then we 
have the following result 
Proposition 4.5:If the observation recovered by filament sensor (  such that it is symmetric with respect to the line , 
then the systems (20)-(29) are -observable by (30) if  and , is not even integers for all 
.   
And the case of the boundary pointwise sensor, the system (20) with Neumann boundary condition, so we can study the sensor  
is located on  (figure 4). The output function is given by  
                                                                                       (31) 
Then we can obtain. 
Proposition 4.6: the systems (20)-(31) are  -observable by the dinamical system (30) if   and 
, is not even integers for every . 
Remark 4.7: From this work, we can extend to the following:  
     1. Case of mixed boundary conditions [1]. 
     2. Case of disc domain  and  where   
           and  [10]. 
     3. Case of one dimensional systems with pointwise or zone sensors as in      
           ref.s [21, 5,8]. 
صلختسملا :لا  دهااشملا ةيلباق موهفم عيسوت وه ةيثحبلا ةقرولا هذه نم فدهلا ةالا  لالا ةا ةقمل ةياسسا ةاماعةلااسم   طواشلادطدحةاي ل  دا  قاشب كرااشراسا مااما ناي  اامويق ناي ،
يعيزورلا راشراسا ةمماساة نيبا ، ءاقب  داعإب حمست تاسجملا صئاصخ  ا ةلاحلا ةقم ني ةيسساةاساردلا تحت ةمماسا لاجم نم ةيئزج ة نام دايدعلا ديدا ت دراي ،يالك لالع ةيااضا ك
  ويثملا جئارقلامامرهلال طةةبتوملا ايرخابر  تاسجملا تحاضطط تايةعا   ااقه  ا اا يا نيابا ، اوايخاط ك ةا ةقمل ةياسسا ةاماعلا  دهااشملا ةايلباق ياي حت دراي ناقل  دداحم تساا  ناي
ما باق ويغ راشراسا مامقل ايقيماقيد اما لل  دهاشملا ةماعساس وقي دق نقلط ،ماعلا لقعملاب ةي  باق ويغ لل  دهاشمساةيس ةماعلا ك ة ةقمل 
 
5. CONCLUSION 
The regional exponential general observability in diffusion systems has been developed in this research and presented some 
sufficient condition of -observability in connection with the Neumann conditions and strategic sensors. It allows us to avoid some 
''bad'' sensor locations. Thus, the obtained results are applied to two-dimensional systems and various cases of sensors are considered 
and examined. Many questions are still opened, for example, the problem of finding the optimal sensor location ensuring such an 
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objective. The result of regional exponential general observability concept of hyperbolic linear or semi-linear or nonlinear systems is 
under consideration. 
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